The behaviour of geosynthetic-reinforced embankments constructed over soft cohesive soils installed with prefabricated vertical drains (PVDs) is investigated by numerically examining an embankment constructed over different foundation soils. The partial consolidation during embankment construction, the consequent shear strength gain of the foundation soil, and the effect of the use of reinforcement on the mobilization of shear strength are examined. It is shown that the combined use of reinforcement and PVDs can significantly increase embankment stability and potentially allow the rapid construction of higher embankments than could be achieved with either method of soil improvement alone. Construction rate and spacing of PVDs can significantly affect the degree of consolidation at the end of construction and the stability of the embankment. For the situation examined, the effect of well resistance of typical vertical drains is insignificant. A relatively simple method for calculating the degree of consolidation and the strength gain of the foundation soil during construction is evaluated based on finite element results and is shown to be reasonably conservative. A design procedure is proposed to combine the design of reinforcement and PVDs.
Introduction
Stability and the time required for consolidation are two major considerations in the design and construction of embankments over soft cohesive foundations having low bearing capacity and low hydraulic conductivity. Geosynthetic reinforcement has been widely used to improve the stability of embankments on soft clay soils (Humphrey and Holtz 1987; Fowler and Koerner 1987; Rowe and Soderman 1987a; Rowe 1997 ). In parallel, vertical drains have been used to shorten consolidation time of thick soft deposits by providing short horizontal drainage paths (Jamiolkowski et al. 1983 ). Due to the advantages of prefabricated vertical drains (PVDs) in terms of cost and ease of construction, they have almost entirely replaced conventional sand drains as vertical drains (Holtz 1987) . The use of geosynthetic reinforcement in combination with prefabricated vertical drains has the potential to allow the cost-effective construction of substantially higher embankments in considerably shorter time periods than conventional construction methods (e.g., Lockett and Mattox 1987; Bassett and Yeo 1988; Schimelfenyg et al. 1990 ).
There has been considerable research examining the behaviour of reinforced embankments over soft foundations in terms of field behaviour (e.g., Rowe et al. 1984; Fowler and Edris 1987) , in terms of theoretical behaviour as predicted using finite element methods (e.g., Rowe and Soderman 1987b; Hird and Kwok 1990; Chai and Bergado 1993; Rowe and Li 1999) , and as observed in centrifuge model tests (e.g., McGown et al. 1981; Sharma and Bolton 1996) . However, there has been a paucity of theoretical analyses examining the combined effects of reinforcement, vertical drains, and rate of construction on the embankment behaviour. Using a finite element technique, this paper examines combined effects of reinforcement and vertical drains on embankment stability and consolidation.
The design of reinforced embankments and vertical drains is usually treated separately in current design methods. A stability analysis is used in the design of reinforced embankments (e.g., Jewell 1982; Rowe 1984) and a consolidation analysis is used in the design of PVDs (e.g., Rixner et al. 1986; Holtz et al. 1991) . The limit equilibrium method (Jewell 1982; Ingold 1982; Fowler and Koerner 1987; Bonaparte and Christopher 1987; Leshchinsky 1987; Mylleville and Rowe 1988; Koerner 1994 ; and others) has been widely adopted in practice for calculating the stability of reinforced embankments under undrained conditions. Although the assumption of undrained conditions is conservative for embankments on typical soft clays deposits, it neglects the significant effect of consolidation that may occur at typical rates of construction when the soil is overconsolidated during early stages of loading (Leroueil et al. 1978; Rowe et al. 1995; Li and Rowe 1999a; Leroueil and Rowe 2001) , and especially when there are short horizontal drainage paths due to installation of vertical drains (Li and Rowe 1999b) . However, the effects of partial drainage due to vertical drains on the stability of reinforced embankments have gained little attention and are not adequately addressed in current design methods. This paper shows that the effects of the reinforcement and PVDs are interrelated and should not be treated separately in design.
The present study considers the effects of both the reinforcement and the vertical drains simultaneously and investigates the combined benefits resulting from the partial consolidation of foundation soil due to PVDs and the basal reinforcement. The gain in shear strength of foundation soils due to partial consolidation during embankment construction is evaluated. The effect of the PVD spacing and well resistance is examined using a typical range of values. The effect of construction rate and stage construction sequence on stability and consolidation is also examined. The mobilized reinforcement strain is addressed for reinforced embankments over soft plastic soils under partially drained conditions. A new procedure which considers the effects of both reinforcement and vertical drains on the stability of embankments is proposed.
Problem considered and numerical model
The finite element program AFENA (Carter and Balaam 1990 ) was modified to incorporate soil reinforcement interaction, an elliptical cap soil model (Chen and Mizuno 1990; Rowe and Li 1999) coupled with Biot consolidation theory (Biot 1941) , and a drainage element (Russell 1990 ) to model the well resistance of vertical drains.
This present study examines the construction of a highway embankment on a 15 m deep soft clay foundation underlain by a relatively rigid and permeable layer, as shown in Fig. 1 . The finite element mesh (see Li and Rowe 2000) involved 1815 linear strain triangular elements, with 4003 nodes used to discretize the embankment and foundation soils. Two- noded bar elements were used for modeling the reinforcement and two-noded joint elements were used for both the embankment fill -reinforcement interface and the embankment fillfoundation interface (Rowe and Soderman 1987a) . The centreline of the embankment and the far-field lateral boundary were taken to be smooth and rigid, with the lateral boundary located 100 m from the centreline. The bottom boundary of the finite element mesh was assumed to be rough and rigid. Consideration was given to the effect of a series of fully penetrating prefabricated vertical drains in a square pattern at three different spacings, S = 1, 2, and 3 m, equivalent to spacings of 1.07, 2.14, and 3.21 m, respectively, for a triangular pattern. Zero excess pore pressure was assumed along the drains to simulate ideal drains without well resistance. Twonoded drainage elements were used for vertical drains when the well resistance was considered. Embankment construction was simulated by turning on the gravity of the embankment in 0.75 m thick lifts at a rate corresponding to an embankment construction rate.
Model parameters
The parameters used in the finite element analyses reported in the subsequent sections of the paper are described in the following subsections.
Selection of foundation soil properties
Two soft foundations, denoted soils A and B, were examined. Soil A has a liquid limit of 76% and a plasticity index of 40%, and soil B has a liquid limit of 48% and a plasticity index of 30%. The vertical preconsolidation pressure, σ p ′ , profiles are shown in Fig. 2 . Both clays were slightly overconsolidated, with overconsolidation ratios (OCRs) of 2.6-1.1 and 2.9-1.1, respectively, below the first 2 m. Soil B has a 2 m thick crust. The soil model parameters are summarized in Table 1 . The first soil profile has an undrained shear strength, s uo , of 5 kPa at the surface, increasing with depth at a rate, ρ c , of 1.5 kPa/m; the second soil profile has an undrained shear strength, s uo , of 20 kPa at the surface, decreasing to 10 kPa at 2 m depth, and then increasing at a rate, ρ c , of 2.0 kPa/m. The stress ratio of undrained shear strength (under plane strain conditions) to preconsolidation pressure, α = s u / σ p ′ , is 0.33 and 0.31 for soils A and B, respectively, in normally consolidated states.
The vertical hydraulic conductivity, k v , of soft clays was taken to be a function of void ratio, e:
where k vo is the reference hydraulic conductivity at the reference void ratio, e o ; and C k is the hydraulic conductivity change index. The values for these parameters and the ratio of horizontal hydraulic conductivity, k h , to vertical hydraulic conductivity, k v , are summarized in Table 1 . The initial average consolidation coefficient for soils A and B, respectively, is about 1.3 and 3.4 m 2 /a in a normally consolidated state and 13.4 and 20.3 m 2 /a in an overconsolidated state.
Embankment fill parameters and construction rates
The embankment fill was assumed to be a purely frictional granular soil with a friction angle φ′ of 37°and a bulk unit weight γ of 20 kN/m 3 . The dilatancy angle ψ was taken to be 6°based on the equation proposed by Bolton (1986) . The nonlinear elastic behaviour of the fill was modelled using Janbu's (1963) 
here E is the Young's modulus of the soil; P a is the atmospheric pressure; σ 3 is the minor principal stress; and K and m are material constants selected to be 300 and 0.5, respectively, for typical fill materials.
A range of embankment construction rates (0.5-8 m/month) is examined in this paper. interfaces. The fill-reinforcement interface was assumed to be frictional, with φ′ = 37°and cohesion intercept c′ = 0. The fill-foundation interface had the same shear strength as that of the foundation soil at the ground surface. Reinforcement with tensile stiffness, J, varying from 250 to 2000 kN/m was examined.
Prefabricated vertical drains
The prefabricated drains modelled had a typical rectangular cross section of 100 mm × 4 mm (Holtz 1987) and were taken to be equivalent to a circular drain having a diameter d w of 66 mm based on Kjellman (1948) : d w = 2(b + t)/π, where b and t are the width and thickness of the drain, respectively. The drain spacing, S, of 1, 2, and 3 m examined is within the typical spacing range used in practice (Holtz 1987) . The effective diameter of drain influence was taken to be D e = 1.13S for a square configuration and D e = 1.05S for a triangular configuration (Rixner et al. 1986 ). The diameter of the smear zone, d s , was assumed to be d s = 2d m (Rixner et al. 1986 ), where d m is the diameter of a circle with an area equal to the cross-sectional area of the mandrel. The mandrel d m was assumed to be two times the drain diameter, d w . The hydraulic conductivity of soil in the smear zone was assumed to be isotropic and the same as vertical hydraulic conductivity (i.e., 33% of the normal horizontal hydraulic conductivity). Both an ideal drain condition without well resistance and non-ideal drains with well resistance were examined.
Typical values of the discharge capacity, q w , of many prefabricated drains are from 500 to 100 m 3 /a (Holtz et al. 1991) . As long as the discharge capacity is greater than 100-150 m 3 /a under the confining pressures acting on the drain, there should be no significant decrease in the consolidation rate (Holtz 1987; Holtz et al. 1991) . However, discharge capacity will decrease due to drain bending-folding and deterioration of the drain filter. Based on a review of test results for PVD products, the discharge capacity of some PVD products can be as low as 5-100 m 3 /a under high confining pressures and low hydraulic gradients (Rixner et al. 1986; Holtz et al. 1991) . Within this range, well resistance values of 5, 10, 25, 50, and 100 m 3 /a for PVDs were examined.
The equivalent vertical drain in a plane strain problem
Strictly speaking, the analysis of a system involving discrete vertical drains should be conducted with a fully threedimensional analysis, whereas most embankments are modelled for plane strain conditions. To avoid the need for a full three-dimensional analysis, some approximations are required to consider the vertical drains in a plane strain analysis. A number of authors (e.g., Cheung et al. 1991; Hird et al. 1992; Chai et al. 1995) have shown that vertical drains can be effectively modelled by using appropriate approximate methods to represent the typical arrangement of vertical drains in plane strain finite element analyses. The technique for matching a plane strain vertical drain system with an axisymmetric vertical drain system proposed by Hird et al. (1992 Hird et al. ( , 1995 was adopted for the analyses reported in this paper. The theories on radial consolidation are well developed for different boundary conditions (Barron 1948; Kjellman 1948; Yoshikuni and Nakanodo 1974; Hansbo 1981; Zeng and Xie 1989 ). Hansbo's (1981) solution provides a relatively simple means of considering the effect of smear and well resistance, compares well with the solutions of Barron (1948) and Zeng and Xie (1989) , and has gained wide acceptance (Jamiolkowski et al. 1983) . As described here, this solution was used to check the finite element approximation adopted in the present study. For a cylindrical unit cell of soil influenced by a single drain under an instantaneous loading, the average degree of consolidation U h on a horizontal plane at depth z and time t is given by Hansbo as
ratio n = R/r w ; ratio s = r s /r w ; q w = πk w r w 2 ; C h is the horizontal consolidation coefficient; k, k s , and k w are the hydraulic conductivity of horizontal direction, soil in the smear zone and vertical drains, respectively; r w , r s , and R are the radius of the vertical drains, smear zone, and influence zone, respectively; and l is the length of the vertical drain. For plane strain conditions, Hird et al. (1992) show that T h = C h t/4B 2 and µ = 2/3 + 2z(2l -z)k/BQ w , where Q w is the equivalent discharge capacity, and B is the half width of the influence zone for the plane strain unit cell. To match the average degree of consolidation at any time and any depth in these two cells, one can simply set U hpl for a plane strain condition equal to U hax for an axisymmetric condition (i.e., U h in eq. [3]):
This can be achieved by any one of three methods: geometric matching, permeability matching, and a mix of geometric and permeability matching. Permeability matching involving adjusting the hydraulic conductivity of soil for plane strain conditions (k pl ) and putting B = R is adopted in this paper. To satisfy eq.
[4], the hydraulic conductivity and well resistance matching requirements are
where k ax is the hydraulic conductivity for the axisymmetric condition, and
For the vertical drain used in this paper having width b = 100 mm, thickness t = 4 mm, and ratio s = 4, the calculated ratio k pl /k ax is equal to 0.137, 0.120, and 0.112, respectively, for the influence radius R of 0.563, 1.125, and 1.688 m (i.e., S = 1, 2, and 3 m for a square configuration). Although the matching technique using Hansbo's (1981) solution is based on the assumption of an elastic soil and constant hydraulic conductivity, Hird et al. (1995) show that the matching technique also works well for consolidation involving plastic soil and variable hydraulic conductivity. To examine the accuracy of the matching procedure, a finite element analysis was conducted using both soil profiles for a unit cell of vertical drains with R = 1.125 m, and it was found that there was an excellent match between the plane strain and axisymmetric results (Li 2000) .
Results and discussion

Effects of PVDs and reinforcement on embankment stability
The soil improvement involving the combined use of both PVDs and geosynthetic reinforcement has numerous advantages. The benefits of the use of PVDs are twofold (Holtz et al. 1991 ). The first is to accelerate the consolidation by shortening the drainage path and taking advantage of any naturally higher horizontal hydraulic conductivity of foundation soils. The second is to improve embankment stability due to the strength gain in foundation soils from the increase in effective stress associated with consolidation. Geosynthetic reinforcement provides additional embankment stability and tends to force the potential failure surface through soil with higher shear strength at depth in foundation deposits exhibiting a shear strength profile increasing with depth (Rowe and Soderman 1987b) .
To study the combined effect of PVDs and reinforcement, finite element analyses were conducted to simulate embankment construction over soils A and B at a construction rate, CR, of 2 and 4 m/month, respectively. Figure 3 shows the variation of net embankment height (i.e., embankment fill thickness minus maximum settlement) with fill thickness. It is assumed here that the reinforcement could sustain the strains developed without breakage (the implication of this assumption will be examined shortly). The foundation soil was taken to be rate insensitive, isotropic, and not strain softening. For soil A, the unreinforced embankment could only be constructed to a height of 2.85 m. If reinforcement with tensile stiffness J = 250 kN/m was used, the failure height increased to 3.38 m. If reinforcement stiffness was greater than 500 kN/m, the embankment did not fail because the reinforcement provided enough resistance to allow the rate of shear strength gain of the foundation soil during construction to be fast enough to facilitate the rate of embankment loading. For soil B the unreinforced embankment failure height was 5.18 m. If reinforcement stiffness, J, was equal to or greater than 500 kN/m, the embankment did not fail due to bearing capacity failure at a construction rate of 4 m/month.
Even though, for reinforcement with J ≥ 500 kN/m, the foundation did not experience a bearing capacity failure at these construction rates, a large yielded zone (i.e., where the soil was close to critical state) was found to be progressively growing beneath the embankment during construction. Consequently, the large plastic deformations, called progressive plastic deformations here, were developed in foundation soils during embankment construction. Due to these progressive plastic deformations, the reinforcement strain developed during construction could be much higher than the allowable strain of 4-7% (after reduction factors for creep, installation damage, and durability are applied; Industrial Fabrics Association International 1999). Under these circumstances, the maximum height to which the embankment could be constructed would be limited by the allowable reinforcement strain for a given type of reinforcement being considered. The slippage between soil and reinforcement was not observed in the finite element simulations for the cases examined. The cases with significantly weak soil-reinforcement planes where the slippage occurs before the allowable reinforcement strain is mobilized are not considered herein. Figure 4 shows the embankment height corresponding to the tensile force mobilized at allowable reinforcement strains ranging from 4 to 7% for reinforcement with stiffnesses ranging from 250 to 2000 kN/m and embankments constructed over both foundation soils A and B, where zero force corresponds to unreinforced cases. The embankment height that is limited by the allowable reinforcement strains is called the maximum height or maximum embankment height here. For the unreinforced cases, the height corresponds to failure height. The use of reinforcement significantly increased the maximum embankment height compared with the unreinforced case for both soil profiles. For example, using a reinforcement with J = 2000 kN/m and an allowable strain of 6%, the maximum heights, H ε , of 4.75 and 6.88 m were 67 and 33% above the failure height for an unreinforced embankment for soil profiles A and B, respectively. Figure 4 also shows the maximum height of an embankment over a foundation under undrained conditions for reinforcement having an allowable strain of 6% and stiffness ranging from 500 to 2000 kN/m. Comparing the undrained results with the partially drained results, it is evident that the shear strength gain during embankment construction arising from the use of vertical drains can result in a significant in-crease in maximum embankment height. For example, using a reinforcement with J = 2000 kN/m and an allowable strain of 6%, the maximum heights, H ε , for the partially drained cases with PVDs were 36 and 45% above that of the undrained cases for soils A and B, respectively. Figure 5 shows the variation of maximum height with construction rate for both reinforced (with J = 1000 kN/m) and unreinforced embankments. It is evident that the embankment stability was sensitive to the construction rates examined. It was found that there was a threshold construction rate for the unreinforced embankment below which the embankment would not fail due to bearing capacity failure of foundation soil. As shown in Fig. 5 , the threshold rate was about 0.5 and 2 m/month for soils A and B, respectively. This implies that if construction was controlled at a rate slower than the threshold rate, reinforcement was not needed to maintain embankment stability. The use of reinforcement could efficiently increase embankment stability only when the construction rate was greater than the threshold rate. The increase in stability with the decrease in construction rate resulted from the rate of consolidation and the consequent strength gain at the end of construction. The rate of consolidation of the foundation soil at the end of construction can be represented in terms of the average degree of consolidation, U, below the embankment centre. Figure 5 shows the variation of U at the end of construction with construction rate for two unreinforced embankments (i.e., H = 2.6 and 4.5 m) over soils A and B. The degree of consolidation at the end of construction significantly increased with a decrease in construction rate when the rate was approaching or slower than the threshold rate.
Effects of embankment construction rate and partial consolidation during construction
Figure 5 also shows the unreinforced embankment failure heights: (i) H fa , using the initial undrained shear strength profiles of the soils (see Fig. 2 ); and (ii) H fb , using the strength profiles of soils in normally consolidated states (assuming that current effective vertical stresses were equal to preconsolidation pressures), calculated by s u = ασ p ′ , where σ p ′ is the initial preconsolidation pressure and α is 0.33 and 0.31 for soils A and B, respectively (see Sect. 3.1.). Both H fa and H fb were calculated using limit equilibrium methods. It is noted that when the construction rate increased, the decrease in failure height of the unreinforced embankment diminished to an asymptotic value H fb corresponding to the undrained shear strength of soils in normally consolidated states, s u = ασ p ′ .
For reinforced embankments, the maximum height followed the same trend with construction rate as that of the failure height for unreinforced embankments; however, the maximum height was also governed by allowable reinforcement strains. At lower construction rates, the embankment stability was governed by the partial consolidation during construction. At higher construction rates, the reinforcement did significantly increase the maximum embankment height. Figure 6 shows the variation of foundation deformation and reinforcement strain with construction rate for a 3.5 m high embankment constructed over foundation soil A. A slower construction rate resulted in less foundation shear deformations and reinforcement strains, especially when the construction rate was slower than 2 m/month for this particular case. Figure 6 indicates that the excessive horizontal deformations of foundation soils, heave at the embankment toe, and reinforcement strains can be prevented by controlling the construction rate.
Effects of reinforcement stiffness for embankments constructed at different rates
The reinforcement stiffness can be an important factor affecting embankment stability under partially drained conditions when the construction rate is faster than the threshold rate, as shown in Fig. 7 . The maximum height corresponding to an allowable maximum reinforcement strain of 5% is plotted against reinforcement stiffness for different construction rates. The results plotted for J = 0 correspond to the unreinforced case. It is evident that above construction rates of 0.5 and 2 m/month for soils A and B, respectively, stiffer reinforcement will permit the construction of a higher embankment.
Effects of spacing of vertical drains
From the classical consolidation theory, it is well known that the rate of consolidation is inversely proportional to the square of the length of the drainage path. Three configurations of PVD system with spacing of 1, 2, and 3 m were examined to investigate the effect of spacing on embankment stability over soil A. The threshold construction rate for unreinforced embankments was calculated to be 2, 0.5, and 0.2 m/month for PVD spacings of 1, 2, and 3 m, respectively. Figure 8 shows the variation of maximum embankment height for an allowable strain of 5%, H ε = 5% , with reinforcement stiffness at different construction rates for soil A with PVD spacings of 1 and 3 m. Comparing the embankment heights for S = 1, 2, and 3 m (Figs. 7, 8) , the improvement in stability due to a change in spacing from 2 m to 1 m was much greater than that observed where the spacing was changed from 3 m to 2 m. For example, at 4 m/month and J = 2000 kN/m, H ε = 5% is 5.71, 4.12, and 3.96 m at spacings of 1, 2, and 3 m, respectively. The reason for this is that the vertical drain spacing significantly influences the degree of consolidation at the end of embankment construction, and consequently the shear strength gain during construction. For example, at the end of construction of a 3.75 m high embankment on foundation soil A at a rate of 4 m/month, the average degree of consolidation under the embankment centre was about 37, 24, and 21% for spacings of 1, 2, and 3 m, respectively. Figure 9 shows the variation in maximum height for the range of discharge capacities of PVDs with a 2 m spacing for embankments constructed at 2 m/month over soil A and 4 m/month over soil B. When the discharge capacity was 10 m 3 /a (or greater), for soil A, the effect of well resistance on embankment stability was insignificant. The effect was somewhat greater for the stiffer soil B, but still small for discharge capacities as low as 10 m 3 /a. For a discharge capacity greater than 50 m 3 /year, there was no practical effect of well resistance on the maximum embankment height for either soil A or soil B. The effect of well resistance on embankment stability can be explained by examining the degree of consolidation at the end of construction. Figure 9 also shows the average degree of consolidation at the end of construction of 3.75 and 5.5 m high embankments over soils A and B, respectively. The variation of maximum height with discharge capacity is reflected by the variation of consolidation. Typical values of the discharge capacity of many PVDs are over 50 m 3 /a and around 100-500 m 3 /a (Rixner et al. 1986; Holtz et al. 1991) . Therefore, the well resistance of many PVD products theoretically does not affect the stability of embankments for the typical soil profiles examined as indicated in Fig. 9 . However, the effect of well resistance needs to be further investigated when drains are very long and lateral stresses are high, or if the drains are susceptible to folding and (or) deterioration.
Effects of well resistance of vertical drains
Effects of two-stage construction
Since shear strength gain may be significant in relatively short periods of time after construction due to the fast rate of consolidation when vertical drains are used, stage construction methods are often employed to construct an embankment to the design grade. In this section, stage construction methods were simulated for reinforced embankments (with reinforcement stiffness values between 250 and 2000 kN/m) constructed over soils A and B. During the first stage, the reinforced embankments were constructed to a height of 2 m over soil A at a rate of 2 m/month and a height of 3.5 m over soil B at a rate of 4 m/month. Figure 10 shows the variation in maximum embankment height H ε at the second stage with mobilized tensile force at different allowable strains for soils A and B.
For soil A, the second stage was initiated after 4 months of consolidation to reach an average degree of consolidation of 62%. The average increase in maximum height of reinforced embankments related to one-stage construction was about 0.64 m, which was not particularly significant because the increase of shear strength of the foundation soil could not be fully mobilized due to the constraint of the allowable reinforcement strains. However, if one was to build a higher embankment at the first stage for the case with a stiffer reinforcement, the benefit of two-stage construction would be more pronounced due to the greater shear strength gain of the foundation soil under the higher embankment load. For example, if a reinforced embankment (with J = 2000 kN/m and ε all = 5%) was constructed to H = 3.5 m over soil A during the first stage, after 4 months of consolidation, the embankment could be constructed to a maximum height of 5.63 m during the second stage, with a net increase of 1.22 m (an increase of 28%) relative to the maximum height of one-stage construction. For soil B, the second stage was initiated after 1 month of consolidation to reach an average degree of consolidation of 55%. The maximum height of reinforced embankments during the second stage is shown in Fig. 10 . For reference, the failure height of the unreinforced embankment was 6.4 m and represented the lowest maximum height. The increase in embankment height relative to that for one-stage construction was in the range of 0.8-1.2 m for the reinforcement stiffness values and allowable strains considered. An alternative to the use of stiff reinforcement to allow construction to a greater embankment height would be to achieve a greater strength gain of the foundation soil by extending the time for consolidation between construction stages. For example, if the stoppage at H = 3.5 m was extended from 1 month to 4 months, the calculated unreinforced embankment failure height was over 9.5 m during the second stage of construction. Therefore, reinforcement was not necessary to achieve a design grade equal to or below 7.0 m in terms of stability (with a minimum factor of safety of 1.3). Nevertheless, the use of reinforcement was found to reduce the shear deformation of foundation soils.
Similar to the case of one-stage construction (see Fig. 4 ), Fig. 10 shows that during two-stage construction the higher the reinforcement force, the higher the allowable strain, and the greater the maximum embankment height that can be achieved.
From the foregoing findings, it is evident that for a twostage construction sequence it is desirable to build the embankment as high as possible during the first stage, by using reinforcement, so that the maximum amount of strength gain of the foundation soil can occur during the construction stoppage. Furthermore, as indicated by Li and Rowe (1999a) , the use of reinforcement can also possibly reduce the number of stages required for a multistage construction sequence. To safely construct an embankment to a design grade and achieve a maximum degree of consolidation within a limited period of time, it is necessary to have a design method that can readily accommodate the change of the configuration of both reinforcement and PVDs and construction sequences. Figure 11 shows the variation of maximum reinforcement strain with embankment fill thickness for both onestage and two-stage construction, assuming that the reinforcement could sustain the strain developed without breakage. In Fig. 11 , H 1 is the fill thickness at the first stage of construction (i.e., 2 and 3.5 m over soils A and B, respectively). During the early stage of construction, the maximum reinforcement strain for all cases was small and within 1% when the foundation deformed, mainly elastically. But then it increased significantly when the embankment loading caused large plastic deformations of the foundation as the fill thickness exceeded the failure height of the unreinforced embankment (i.e., 2.85 and 5.18 m for soils A and B, respectively). After the initial, mainly elastic, deformations were developed, the stiffer reinforcement resulted in smaller reinforcement strains for a given fill thickness. This effect of reinforcement stiffness was more significant for embankments over soil B (the stronger soil) than for embankments over soil A. In all cases, the embankment did not fail due to bearing capacity failure of foundation soil, even though very high reinforcement strain was developed. The increase in embankment height at very high reinforcement strain levels was attributed to the increase in shear strength of the foundation soil due to partial consolidation during construction.
Reinforcement strain
Comparing two-stage construction with one-stage construction for the cases with reinforcement stiffness J = 2000 kN/m, it is evident that the additional strength gain resulting from consolidation during the stoppage caused less reinforcement strain in the second stage for a given embankment height. It was also found that the higher embankment during the first stage and the longer the stoppage, the greater the stiffening effect and the lower the strain that was developed when a significant amount of additional fill was placed. For clarity, the results from the cases with a higher embankment and longer stoppage at the first stage are not plotted in Fig. 11 . It is evident from Fig. 11 for both one-stage and two-stage construction that the stiffer the reinforcement and (or) the higher allowable reinforcement strain, the greater the fill height that can be achieved. Figure 11 also shows that during the stoppage between the two construction stages the consolidation settlement of the foundation soils under the relatively low embankments has an insignificant effect on the reinforcement strain. However, Li (2000) has shown that the long-term differential settlement of foundation soils under relatively high embankments can significantly increase the mobilized reinforcement strain and force.
Consolidation during embankment construction and shear strength gain
Significant consolidation of foundation soils may occur during embankment construction because of the high consolidation coefficient of initially overconsolidated soils (Leroueil et al. 1978; Rowe and Li 1999; Leroueil and Rowe 2001) and the short horizontal drainage path provided by PVDs (Li and Rowe 1999b) . To evaluate the consolidation and consequent shear strength gain during construction, two embankments with heights H = 4.41 and 6.48 m over soils A and B, respectively, and reinforcement with tensile stiffness J = 2000 kN/m and allowable strain ε all = 5% were examined. The average excess pore pressure dissipation in foundation soils under the embankment centre at the end of construction was 31 and 40% for embankment heights H = 4.41 and 6.48 m, respectively. Figure 12 shows the contours of the increase in undrained shear strength ∆s u of the foundation soil during construction for both embankments. For the sake of clarity, Fig. 12 does not include the increase in undrained shear strength near the top and bottom layers, where the gradient of shear strength increase is high due to the drainage boundary effects. The undrained shear strength, s u , was calculated at each integration point in the finite element analysis based on the effective stresses at the end of construction, and then s u was averaged along the horizontal direction within the influence zone of each PVD. Due to the presence of the PVDs, the increase of undrained shear strength ∆s u (i.e., s u at the end of construction minus initial undrained shear strength, s uo ) was rather uniform throughout the thickness of the deposit, even though the initial undrained shear strength increased with depth at a rate of ρ c (see Sect. 3.1.). The increase in shear strength of soil under the embankment centre (5 kPa for soil A and 11 kPa for soil B) was higher than that under the embankment slope (i.e., about 3 kPa for soil A and 6.5 kPa for soil B). Figure 12 also shows the calculated potential failure surface using the limit equilibrium program (REAP). It is evident that the increase in shear strength along the failure surface had the highest magnitude at locations below the embankment crest and gradually dropped to practically no increase (<1 kPa) beyond the embankment toe.
Design considerations for consolidation and strength gain of foundation soil
Finite element results in previous sections have shown that the consolidation and consequent strength gain of foundation soil at the end of construction is significant, particularly when the construction rate is slow. These results imply that the assumption of undrained loading is too conservative for the cases having vertical drains installed in foundation soils. The significant consolidation during construction is a result of two factors, namely the high consolidation coefficient of foundation clay in its initial overconsolidated state, and the time-dependent loading. Classical consolidation theories are unable to predict the effect of these two factors due to their limitations, as discussed by Mesri and Rokhsar (1974) , Olson and Ladd (1979) , and Holtz et al. (1991) . To take these two factors into account, the conventional consolidation theories should be modified without making them too complicated for practical use.
The theory proposed by Mesri and Rokhsar (1974) can consider the change of compressibility of clay from overconsolidated states to normally consolidated states for one-dimensional consolidation problems. However, the governing equations must be solved using a numerical technique, which may not be readily available for design in many cases. As the consolidation of vertical drains is usually calculated in terms of average degree of consolidation, the authors suggest the following simple approximate method to calculate the average degree of consolidation to consider the fast dissipation of excess pore pressure during the early stage of embankment construction when the soil is in an overconsolidated state. All assumptions of Terzaghi's consolidation theory are preserved except for the change in compressibility as a soil moves from the overconsolidated to normally consolidated state and the time-dependent loading. It is assumed that the soil becomes normally consolidated when the average degree of consolidation at a particular time is such that the average vertical effective stress of soils along the drainage paths is equal to the preconsolidation pressure. At this time, the change of soil compressibility is a step change (i.e., from recompression index C r to compression index C c ). The time-dependent loading is taken to be a linear ramp loading.
The proposed method is shown conceptually in Fig. 13 . A stress of ∆σ is applied during a period of time t C (from point O to point A in Fig. 13 ). During the period to time t O/C, when the soil is overconsolidated, the consolidation is governed by consolidation coefficient C O/C ; after t O/C , when the soil becomes normally consolidated, the consolidation is governed by consolidation coefficient C N/C . For a foundation deposit under a two-way drainage condition, the average degree of consolidation at any time is defined as
where H is the drainage distance (i.e., the half thickness of the foundation deposit), ∆σ(t) is the applied stress at time t, and u is the excess pore pressure at time t. At time t O/C , the applied stress ∆σ(t) is equal to ∆σt O/C /t C , the average degree of consolidation is U C O/ for a total stress of ∆σ, and the average change in effective stress at this time is ∆σU C O/ . The excess pore pressure that will need to dissipate after application of the full stress ∆σ is ∆σ (1 -U C O/ ), and it is assumed that this excess pore pressure is developed over a period of time t C ′ = t C -t O/C . After time t O/C , the average consolidation, U C N / , is calculated using C N/C for the ramp load of ∆σ (1 -U C O/ ). The proposed approximation is shown graphically in Fig. 13 , with the linear load function 0-A being replaced by two linear load functions: 0-B and 0′-A for soil in overconsolidated and normally consolidated states, respectively. It is assumed that the average degree of consolidation under the load 0-A after t O/C is equivalent to the average degree of consolidation under the load 0′-A plus the average degree of consolidation under the load 0-B at time t O/C . Namely, the total average degree of consolation at time
To consider the consolidation of soil under a time-dependent loading, a number of methods have be proposed (e.g., Taylor 1948; Schiffman 1958; Olson 1977; Yin 1998, 1999) . Olson (1977) derived relatively simple solutions considering both vertical and radial drainage for a linear ramp loading problem based on the assumptions of the classic consolidation theories except time-dependent loading. The equations for vertical consolidation are as follows:
where T is the time factor for vertical consolidation; T c is the time factor at the end of construction; and M = π (2m + 1)/2, for m = 0, 1, 2, 3, … until the sum of all remaining terms is insignificant. The equations for horizontal (radial) consolidation are as follows:
where T h is the time factor for horizontal consolidation; T hc is the time factor at the end of construction; and A = 8/µ (where µ is defined in Sect. 4) using Hansbo's (1981) solution for vertical drains. The equation for combined vertical and radial consolidation using the method of Carrillo (1942) is as follows:
To examine eqs.
[8]-[10], Fig. 14 shows the predicted average degree of consolidation for a unit cell of a vertical drain system in a 15 m thick foundation soil A (including both vertical and horizontal drainage) under a one-dimensional loading condition using the finite element method and the proposed analytical method. Also shown is the calculated average degree of consolidation based on the consolidation coefficient, C N/C , for soil in its normally consolidated state and based on the average consolidation coefficient, C avg , at time t which is an average value of C O/C and C N/C weighted by the increase in effective stress at time t. The finite element results are calculated from a simulation of an axisymmetric vertical drain. It is evident that the prediction of consolidation using eq.
[8] is conservative after time t C and compares well with finite element results, especially at the end of construction. The method using C N/C significantly underestimates the consolidation during the early stage of loading, and the method using an average of C O/C and C N/C significantly overpredicts the consolidation, hence these methods are not suitable for use. Equations [8]-[10] can be used to estimate the average degree of consolidation of the foundation soil and the consequent average shear strength gain of foundation soils. As shown in Fig. 12 , the variation of the strength gain of foundation soil with depth is relatively uniform for a relatively uniform foundation soil, and the magnitude of strength gain for soil along the failure surface gradually decreases from a maximum below the embankment crest to a minimum in front of the embankment toe. The following simple procedure is used to predict the strength gain in foundation soils with PVDs as shown by finite element results. Since the average degree of consolidation is calculated over the depth of the soil stratum through which vertical drains penetrate, the soil parameters can be averaged over the depth of foundation in the following calculations.
Assuming that the embankment loading is onedimensional, the increase in undrained shear strength of soil below the embankment centre, ∆s uc , can be estimated based on the SHANSEP method (Ladd and Foott 1974) 
where the ratio α = s u /σ p ′ is constant for a given soil; σ vo ′ and s uo are the initial vertical effective stress and undrained shear strength, respectively, prior to embankment construction; and γ fill is the unit weight of the embankment fill.
In the SHANSEP method, the undrained shear strength of clay is normalized to the vertical effective stress, and strength gain is usually estimated by evaluating the increase in vertical effective stress (Ladd 1991) . For locations below the embankment centre, this normalization works reasonably well, since a K 0 ′ consolidation condition is representative for these locations, where K 0 ′ is the coefficient of lateral earth pressure at rest. However, for the locations along the failure surface below the embankment slope, the loading imposed by the embankment is at least two-dimensional and the consolidation may not be well approximated by K 0 ′ consolidation. The proposed method uses the undrained shear strength normalized to the effective mean stress, σ m ′ , for locations along the failure surface, assuming that the ratio β = s u / σ m ′ is constant for a given soil in its normally consolidated state. This is based on the fact that the shear strength of soil is governed by three-dimensional effective stresses. For simplicity, the strength gain is evaluated only by examining the change in effective mean stress, and the effect of change in deviatoric stresses on strength gain is neglected.
When soil is in its normally consolidated state, the effective mean stress σ m ′ = [(1 + 2K 0 ′ )/3]σ p ′. Therefore, β is calculated by where K 0 ′ is the coefficient of lateral earth pressure at rest for soil in its normally consolidated state. The increase in three-dimensional stress due to the embankment loading can be estimated using an influence factor, I q , for total mean stress σ m based on elastic solutions (e.g., Poulos and Davis 1974) , and I q can be averaged over the potential slip surface. The average degree of consolidation of soils along the potential failure surface, U f , is calculated separately from that of soil below the embankment centre based on the fact that the degree of consolidation of soil below the embankment centre and shoulder is different due to threedimensional loading conditions. Since the increase of excess pore pressure is equal to the increase in total mean stress based on an elastic assumption, the consolidation problem along a failure surface can be considered as if the total mean stress, ∆σ m = γ fill HI q , is applied over the construction period. The different approaches given to one-and three-dimensional loading conditions are applying the total embankment load, γ fill H, to the soil below the embankment centre versus applying the partial embankment load, γ fill HI q , in terms of mean stress to the soil along the potential slip surface. Therefore, the average degree of consolidation, U f , can be calculated using eqs.
[8]-[10] and the consequent strength gain, ∆s uf , can be calculated by Comparison of calculated average degree of consolidation for a unit cell of vertical drain system in soil A using different methods (including both vertical and horizontal drainage). FEM, finite element method.
[13] ∆s
where σ mi ′ is the initial effective mean stress. It is worth noting that U C O/ in eq.
[8] is the average degree of consolidation at time t O/C when effective mean stress σ m ′ is equal to σ mp ′ = (1 + 2K 0 ′) σ p ′ /3 (e.g., the mean of preconsolidation stresses). The above approximation has proved to be reasonably accurate and conservative, as shown in following sections.
Proposed method
Procedure for combining consideration of embankment reinforcement and vertical drains
The method of analysis is based on an undrained strength analysis (USA) method suggested by Ladd (1991) and a limit state design philosophy. The steps in the procedure are outlined as follows and an example is given in the Appendix.
(1) Select the design criteria, including height (H), width (B), and slope (n) of the embankment; average degree of consolidation (U) required; available time (t) to achieve U; and construction rate (CR).
(2) Select soil parameters for the embankment fill and foundation, including undrained shear strength (s u ) profile; preconsolidation pressure (σ p ′) and current vertical effective stress (σ v ′) with depth; coefficient of lateral earth pressure at rest (K 0 ′) profile; normalized shear strength for soil in its normally consolidated state (s u / σ m ′ , where σ m ′ is the effective mean stress for soil in its normally consolidated state); coefficient of consolidation of soil in overconsolidated (C O/C ) and normally consolidated (C N/C ) states; ratio of hydraulic conductivity in the horizontal direction (k h ) to that in the vertical direction (k v ) for undisturbed soil; ratio of hydraulic conductivity of undisturbed soil (k h ) to that of disturbed soil (k s ); length (H d ) of the longest drainage path in the vertical direction; and friction angle (φ) and unit weight (γ fill ) of the embankment fill.
(3) Select a prefabricated vertical drain system whose configuration is described by the drain spacing (S); the effective diameter (D e ) of the drain influence zone (D e = 1.05S for a triangular pattern and 1.13S for a square pattern); the length (L) of a single drain (equal to the thickness of clayey deposits in most cases); the diameter of the smear zone (d s ) caused by drain installation; and the equivalent diameter (d w ) and discharge capacity (q w ) of a single drain.
(4) Calculate the average degree of consolidation at the available time t using eqs.
[8]- [10] . If the calculated average degree of consolidation is less than the required U, repeat step 3 to select a new PVD configuration (e.g., spacing S and length L) until U is met.
(5) Estimate the average influence factor I q (∆σ m = γ fill HI q ) for the increase in total mean stress of the foundation soil along the potential slip surface using the following elastic solutions (e.g., Poulos and Davis 1974) and Fig. 15 :
where x is the distance from the embankment toe and y is the depth; and for an elastic material under plane strain conditions, R 0 , R 1 , and R 2 are distances as shown in Fig. 15 .
where υ is Poisson's ratio; therefore,
(6) Calculate the average degree of consolidation along the potential slip surface at the end of the embankment construction, U f .
(7) Estimate the average strength increase, ∆s uf , of soil along the potential failure surface at the end of construction using eq. [13] .
(8) Factor the strength of soils using partial factor f c for the undrained shear strength of foundation soil (s u * = s u /f c ) and f φ for fill material (tan φ′ * = (tan φ′)/f φ ), and f γ for the unit weight of fill γ fill (γ fill * = γ fill f γ ) as appropriate. (9) Factor ∆s uf using partial factor f c (∆s uf * = ∆ s uf /f c ). (10) Using a limit equilibrium method, calculate the equilibrium ratio (ERAT) of restoring moment to overturning moment for the embankment without reinforcement using the factored soil parameters of embankment fill and factored undrained shear strength profile, including the strength gain during construction, i.e., s u * + ∆s uf * ; reinforcement is not needed if ERAT ≥ 1.0 and is needed if ERAT < 1.0, in which case continue with steps 11 and 12.
(11) Use a limit equilibrium program designed for the analysis of reinforced embankments (e.g., REAP; Mylleville and Rowe 1988) to calculate the required reinforcement tensile force, T req , using the new factored undrained shear strength profile obtained in step 10 (T req is the force required to give an overturning moment = restoring moment based on factored soil properties, i.e., ERAT = 1).
(12) Choose an allowable strain, ε all , for the reinforcement and then the required reinforcement tensile stiffness is calculated as
In this procedure, the limit states examined involve failure of the embankment, foundation, and reinforcement. All calculations except the slope stability analysis can be done by hand or using a spreadsheet program. This approach can be made equally applicable to a stage construction sequence by adding the consolidation during stoppage in steps 4 and 6, keeping other steps the same. Design parameters (e.g., S, L, T req , and J req ) can be obtained iteratively from steps 1-12. In the design iteration, the construction rate and stage sequences can be varied such that the design grade can be achieved in an optimum time schedule. To assure embankment stability during construction, it is essential to monitor the development of reinforcement strains, excess pore pressures, settlement, and horizontal deformations and to confirm that measured values are consistent with the design values.
Comparison of the results using finite element analyses and the proposed method
Using the proposed method, the equilibrium ratio (ERAT) of restoring moment to overturning moment at the end of construction for the embankments analyzed in the previous section can be calculated. A number of cases with different reinforcement construction rates and construction stages are reanalyzed using the proposed method and are given in Table 2, where T is the tensile force developed in the reinforcement at an allowable strain ε all . The embankment should have an ERAT of 1 at height H, which was calculated from finite element analyses in previous sections. ERAT in Table 2 is in the range of 0.89-0.96. It is shown that the proposed method is conservative for both one-stage construction and twostage construction and compares well with finite element analysis results for the cases examined. Compared with that predicted by the finite element analyses, the shear strength gain along the failure surface predicted using eq. [13] is conservative. For example, the average shear strength gains predicted using eq. [13] for the embankments H = 4.41 m over soil A and H = 6.48 m over soil B are 1.92 and 4.62 kPa, respectively (see Table 2 ). These values are less than those calculated using finite element analyses (see Fig. 12 ).
Recommendations and conclusions
The performance of embankments constructed using prefabricated vertical drains (PVDs) and geosynthetic reinforcement has been theoretically examined. A tentative design procedure has been developed to consider the benefits arising from the use of both PVDs and reinforcement. The following conclusions are based on the analyses reported herein.
Partial consolidation of the foundation soil during embankment construction is significant because of the drainage improvement provided by prefabricated vertical drains and foundation soils usually become normally consolidated at the end of embankment construction. Consequently, the shear strength gain of soft foundation soil due to partial consolidation can substantially improve the stability of embankments such as those examined. The rate of increase in shear strength of foundation soil is a function of construction rate for a particular reinforced embankment and PVD system. Where PVDs are installed, the strength gain is relatively uniform throughout the thickness of the deposit and can be reasonably predicted using the proposed method. For a foundation installed with PVDs, the embankment design based on assuming undrained conditions and neglecting the shear strength increase in the foundation soil during construction is too conservative.
The construction rate significantly affects embankment stability and deformation. For each case, there is a unique Table 2 . Calculated ERAT of reinforced embankments obtained using the proposed method.
threshold construction rate below which reinforcement is not needed and the foundation will not experience bearing capacity failure, even for a relatively high embankment. The spacing of PVDs significantly influences the degree of consolidation at the end of embankment construction, but the effect of well resistance of typical vertical drains is insignificant. The proposed eq.
[8] reasonably well predicts the average degree of consolidation when the soil moves from its overconsolidated state to a normally consolidated state under an embankment loading. Reinforcement can substantially increase the stability of embankments under partially drained conditions when the construction rate is greater than the threshold rate. The benefit of the increase in shear strength due to partial consolidation is enhanced by the use of reinforcement. For a foundation under partially drained conditions, very high reinforcement strains may be developed due to plastic deformations of foundation soils under relatively high embankments that can be constructed because of the beneficial effects of both reinforcement and partial consolidation during construction. It was found that the embankment failure height (based on limit state design considerations) is generally governed by the allowable strain of reinforcement when the bearing capacity of foundation soil ceases to be a problem due to shear strength gain during construction.
With two-stage construction, construction of the embankment as high as possible by the use of reinforcement in the first stage results in the best performance due to the higher effective stress increase in foundation soil that is achieved during consolidation. Therefore, the use of reinforcement has the potential to allow embankment construction in a shorter period of time than that what might be required for a case without reinforcement. Since stability and consolidation are interrelated, reinforcement and PVDs should be treated together in design.
The proposed method for estimating the consolidation and consequent strength gain of foundation soil during and after construction under embankment loading proved to be conservative and reasonably accurate for the relatively uniform foundation deposits examined. The proposed method can consider both prefabricated vertical drains and reinforcement and appears to warrant further investigation as a means of preliminary design of embankments involving the use of reinforcement and PVDs. It is recommended that any such design be combined with monitoring to confirm that the performance (e.g., excess pore pressures) is consistent with that deduced in the design. A parametric study can be carried out using the proposed method to optimize the configuration of reinforcement and vertical drains.
